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Abstract 



. A Dynkin game is considered for stochastic differential equations with ran- 

| dom coefficients. We first apply Qiu and Tang's maximum principle for backward 

stochastic partial differential equations to generalize Krylov estimate for the dis- 
tribution of a Markov process to that of a non-Markov process, and establish a 
generalized Ito-Kunita-Wentzelks formula allowing the test function to be a ran- 
dom field of Ito's type which takes values in a suitable Sobolev space. We then 
prove the verification theorem that the Nash equilibrium point and the value of the 
Dynkin game are characterized by the strong solution of the associated Hamilton- 
Jacobi-Bellman-Isaacs equation, which is currently a backward stochastic partial 
differential variational inequality (BSPDVI, for short) with two obstacles. We ob- 
. tain the existence and uniqueness result and a comparison theorem for strong solu- 

tion of the BSPDVI. Moreover, we study the monotonicity on the strong solution 
of the BSPDVI by the comparison theorem for BSPDVI and define the free bound- 
aries. Finally, we identify the counterparts for an optimal stopping time problem 
as a special Dynkin game. 
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1 Introduction. 



Throughout this paper, let (ft, T , {J r t }t>o,^') be a complete filtered probability space, on 
which we define two independent standard Brownian motions: <ii-dimension W = {W t }t>o 
and <i 2 -dimension B = {B t }t>o- Denote by ¥ w = {J~t V }t>o and ¥ B = {J-f}t>a the natural 
filtrations generated by W and B, respectively. We assume that they contain all P-null 
sets in J 7 . Define F = W w V ¥ B . Denote by V and V B the a- algebras of predictable sets 
in Q x [0, T] associated with F and ¥ B , respectively. Denote by 13(D) the Borel a-algebra 
of the domain D in 



Suppose that the state process X = (X 1; 
tic differential equation (SDE, for short): 



X d * ) is governed by the following stochas- 



X i)S = Xi+ f3 l (u,X u )du+ lu (u,X u )dW l a + 6 ik (u,X u )dB k u 



where i — 1, d* and x = (xi, x^) € M. d * . The coefficients (3, 7, and 6 are V B xB(l d *) 
-measurable random fields taking values in proper spaces, and satisfying Assumptions Dl 
and D2 (see Section 2 below). Note that here and in the following we use repeated indices 
for summation. For example, the repeated subscript / implies summation over I = 1, d\ 
and the repeated subscript k implies summation over k = 1, • • •, g^- It is clear that SDE 
(11. II) has a unique strong solution X s,x . 

Let U t> T be the class of all F-stopping times which take values in [t, T]. For any 
( r i) T i) ^ U t ,T x U t> T, we consider the payoff: 

Rt (x;t 1 ,t 2 ) 



n At2 



f u (Xl X ) du + ZnPCf ) X{n<r 2 AT} + ^r 2 (Xf ) X{t2 < T1jT2<T} + <^(X^) X{nAr 2 =T}. 



The running cost / and terminal costs V_ and V are P" 8 x i3(R d *)-measurable random 
fields taking values in R, and if is J 7 !? x £>(R d *)-measurable random field taking values in 
R. They satisfy Assumptions V3 and V4 (see Section 4 below). 

We consider the following Nash equilibrium of our non-Markovian zero-sum Dynkin 
game (denoted by % x hereafter): Find a pair (r*,r|) G U t,r x W tj T such that for any 
ti, r 2 EU tTi the following inequalities hold 



E 



R t (x;T*,T 2 ) 



> E 



R t (x;T^,Tpj 



> E 



Rt(x;r 1 ,To 



Such a pair (T^rjj 1 ), if it exists, is called a Nash equilibrium point or saddle point of 

Problem % X) and the random variable V t (x) = E [Rt(x; r*, r|) | JF t \ is called the value of 
Problem & tx . We have 



V t (x) = ess.inf ess. sup E 



Rt(x;T 1 ,T 2 ) 



ess. sup ess.inf E 



^t(a;;n,^2) 



The value V^(x) is unique if it exists. In general, a Nash equilibrium point may not be 
unique, and we shall always mean it by the smallest one. 
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Dynkin games were initially introduced by Dynkin and Yushkevich [TD], and have 
received many studies, see among others [U [2U [32]. Many interesting problems 
arising from the theory of probability, mathematics statistics are reformulated as Dynkin 
games (see [25]). Recently, many new financial problems are formulated as Dynkin games, 
and are turned into partial differential variational inequalities (PDVI, for short) or free 
boundary problems, which are then studied via the PDE theory (see [T3~|l3~3"]. for example). 

The existence of saddle points of Dynkin games has been discussed, either via a pure 
probabilistic approach, such as Snell's envelope and martingale method, or by means of a 
PDE method. If the coefficients 0, 7, and 9 of the state equation (11.11) are all deterministic 
functions, then the state X is Markovian, and the value Vt(x) is a deterministic function 
of (t,x) if the cost functions /, V, V_, (p are deterministic function, too. Moreover, it can 
be proved that V t (x) coincides with the strong solution of the associated PDVI by the 
dynamic programming principle under proper assumptions. See Friedman [13] for more 
details. Nowadays very general results on a Dynkin game have been established for a 
right-continuous strong Markov process (see Ekstrom and Peskir [TT] and Peskir [24J). 
In contrast, there are fewer studies on a Dynkin game for a non-Markov process (see 
Lepeltiet and Maingueneau [19] and Cvitanic and Karatzas [7]). 

In this paper, we are concerned with the Dynkin game for a non-Markovian process. 
We suppose that the state X is driven by two independent standard Brownian motions 
W and B and the drift coefficient /3 and the diffusion coefficients 7, 9 only depend on 
the path of B in a predictable way, that is, they are all P B -predictable and independent 
of W . The structural assumption is used to guarantee the super-parabolic condition 
(see Assumption V2 in Section 2 below) of the associated backward stochastic partial 
differential variational inequality (BSPDVI, in short). In this context, the value Vt(x) 
further depends on, in addition to (t,x), the path of Brownian motion B up to time t. 
Hence, it is a random field. We show that it is characterized by the unique strong solution 
of the associated Hamilton- Jacobi-Bellman-Isaacs (HJBI) equation, which is the following 
type of BSPDVI: 

' dV t = -{CV t + M k Z k + f t ) dt + Z\ dB k , 

dV t < -{CV t + M k Z k + f t ) dt + Z k dB k , 

dV t > -(CV t + M k Z k + ft) dt + Z k dB k , 
k V T (x) = ip(x) , 

where the repeated superscript k is summed from 1 to <i 2 , and 

C = a ij Dij + b* Di + c, M k = a ik A + / , i,j = 1, 2, • • •, d*, k = 1, 2, • • •, d 2 . (1.3) 

The coefficients a, b, c, a, //, the upper obstacle V, and the lower obstacle V_ are V B x 
i3(lR d *)-measurable random fields taking values in proper spaces. The terminal value (p is 
x (M. d )-measurable random field. 

When the above coefficients are all deterministic, BSPDVI (11. 2p (with the second un- 
known process Z vanishing) is reduced to a deterministic PDVI. There is a huge literature 
concerning deterministic PDVIs, and see Lions and Stampacchia [20] and Brezis [5] among 
the pioneers and Bensoussan and Lions [2] and Friedman [H] among the monographs. On 



if V t <V t <V t ; 
if V t = Vt\ 
if V t = Vt\ 



'1.21 
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the contrary, there are very few studies on BSPDVI (11.21) with random coefficients. We 
note that BSPDVls with one obstacle has been discussed in Chang, Pang and Yong [6] 
in connection with an optimal stopping problem for an SDE with random coefficients, 
as the associated Hamilton- Jacob i-Bellman (HJB, in short) equation, and in 0ksendal, 
Sulem and Zhang [26] in connection with a singular control of SPDEs problem, as a sys- 
tem of backward stochastic partial differential equations (BSPDEs, for short) with only 
one reflection, which is a more precise formulation of BSPDVI with only one obstacle. 
However, they only concern weak solution of BSPDVls. In this paper, we concern strong 
solution of BSPDVI (11. 21) . which enables us to interpret the derivatives DV, D 2 V, DZ 
almost everywhere in Q x [0, T] x IR d *, and therefore (11.21) can be understood point- wisely 
in x G M. d * . The connection to the associated BSPDVI of the value field V is extended to 
a wider context of the strong solution. The existence of such a strong solution requires 
the super-parabolic condition. 

BSPDVI is in fact a singular or constrained BSPDE. It can also be regarded as 
a reflected backward stochastic differential equation (RBSDE, in short) in an infinite- 
dimensional space. Its analysis depends heavily on the state of arts of BSPDEs, which 
is referred to e.g. [31 El El [121 EH [22l [23l [29l [31]. In particular, we make use of an 
estimate by Du and Tang [9] on the square-integrable strong solution theory of BSPDEs 
in a C 2 domain. Solution of BSPDVI (II. 2p is obtained by a conventional penalty method. 
We consider the penalized approximating BSPDEs (15.111) . and show that BSPDVI (11.21) is 
their limit in the strong sense. The key is to prove the convergence of the nonlinear penalty 
term. In [H [13] , a deterministic PDVI is concerned and the convergence is obtained by 
the compact imbedding theorem for Sobolev spaces, which fails to hold in our stochastic 
Sobolev space. In [6], a BSPDVI with one obstacle is concerned and the convergence is 
obtained via the monotonicity of the approximating BSPDEs' weak solution V n in n. Our 
difficulty has two folds. One comes from the feature of two obstacles in our BSPDVI (11.21) . 
which destroys the monotonicity of the one-parameterized approximating BSPDEs. The 
other comes from the strong solution of BSPDVI (11.21) . which requires an extra higher 
order (second-order) estimate than that requested for the weak solution. We show the 
convergence by observing that V n is a Cauchy sequence in a proper space, which is an 
extension of the method for RBSDE in [7]. 

To connect Problem @ tx with BSPDVI (II. 2ft . we have to use Ito-Kunita-Wentzell's 
formula. The existing one in the literature (see Lemma I2.ip requires that the random 
test function should be twice continuously differentiable. The strong solution of BSPDVI 
(ll.2p only guarantees that D 2 V is integrable, and not necessarily continuous in general 
in x. Therefore, Lemma |2"TT1 fails to be directly applied to our computation of V t (X t ), 
and has to be extended to more general random test functions. We first use Qiu and 
Tang [28] 's maximum principle for quasilinear BSPDEs to generalize Krylov estimate 
for the distribution of a Markov process to that of a non-Markov process. Then using 
a smoothing method and the generalized Krylov estimate, we prove a generalized Ito- 
Kunita-Wentzell's formula. 

The rest of the paper is organized as follows. We introduce some notations and results 
about Ito-Kunita-Wentzell's formula and BSPDEs in Section 2. In Section 3, we state 
our hypotheses and generalize Ito-Kunita-Wentzell's formula. In Section 4, we prove the 
verification theorem that the Nash equilibrium point and the value of the Dynkin game 
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are characterized by the strong solution of the associated Hamilton- Jacobi-Bellman-Isaacs 
equation, which is currently a BSPDVI with two obstacles. In section 5, we establish the 
existence and uniqueness result and a comparison theorem for strong solution of the 
BSPDVI, via the strong solution theory of BSPDE. In Section 6, we use the comparison 
theorem for BSPDVI to derive properties of the strong solution of BSPDVI QH2J) , and 
define its stochastic free boundaries under proper assumptions. In the last section, we 
show that the optimal stopping time problem is a special case of a Dynkin game, and 
therefore similar results hold true here. 

2 Preliminaries. 

In this section, we introduce notations and collect results about Ito-Kunita-Wentzell's 
formula and BSPDEs. 

Denote by N and N+ the set of all nonnegative and positive integers, respectively. 
Denote by E a Euclidean space like R or R d \ R d * xdl , R d * xd \ and R d * xd *. Moreover, for 
any x G R d \ 7 G R d * xdl , 6 G R d * xd2 and a G R d * xd \ define 

(d* \ 2 / d* di \ 2 

i=i / \i=i 1=1 J 

/ d* d 2 \ I / d* \ 2 

\i=l fc=l / \i,j=l J 

Define 

A = £W; Ai = ^., i,i = l,2, --■ ,tT; D a = ^---^; and |a|=X)^ 

j=l 

for any multi-index a = (ati, ■ ■ -,a;d») with G N. Denote by and D 2 rj respectively 
the gradient and the Hessian matrix for a function rj : E — > R. 

For an integer k G N, p G [1, +00), q G [l,+oo), a smooth domain D in M d , and a 
positive number T, we introduce the following spaces: 

• C k (D) : the set of all functions 1] : D — )■ such that ^ and are continuous for all 

1 < \a\ < k; 

• Cq (D) : the set of all functions in C k (D) with compact support in D; 

• H k,p (D) : the completion of C k (D) under the norm 




• Hq' p (D) : the completion of C q(D) under the norm 1 77 1 fc )P ; 

• L fc ' p (D) : the set of all if fc,p (.D)-valued and F^-measurable random variables such that 
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E(M£ iP )<oo; 

Lq' p (D) : the set of all -£fg' p (-D)-valued and F^-measurable random variables such that 

E(M£, p )<oc; 

■ C p : the set of all "P-predictable stochastic processes taking values in E with the norm 



\X\ 



E 



XA p dt 



< S p : the set of all path continuous processes in C p with the norm 



\X\ 



E ( sup | X t 

te[o,T] 



■ L p 'r (B) : the set of all "P s -predictable stochastic processes with values in Banach 



space IB with the norm 



E 



V, || p dt 



, H *.p(D) 4 L P F P (H k ' p (D)) with the norm fejP 4 ||K|U^ ( ^. p( d)) ! 
■Hj' p (D) 4 L p p p (H^' P (D)) with the norm ||V|| fc(P ; 

• 8> k ' p (D) : the set of all path continuous stochastic processes in H fc ' p (L)) equipped with 



the norm 



W\ 



k,p 



E sup |V f | p 



te[Q,T] 



fe, p 



>M p (D) : the subspace of U°' P (D) equipped with the norm 



W\ 



ess. sup 

(w,t)e Qx[0,T] 







E^y \v u \ p 0)P d U 









Remark 2.1. The space M p is a Banach space. See [H [28] . 



The space notations C q 



andl> p M*' p (R d *), S k ' p (R d *), M p (R d *) 



will be abbreviated as Cj, L fc ' p , M k ' p , E> k ' p , M p if there is no any confusion. 

Remark 2.2. We have 



H 



k,pft®d*^ 



H, 



L 



k,pfmd* 



L, 



U k > p (R d * 



u k Q > p (m. d * 



The following special case of Ito-Kunita-Wentzell's formula (see [15], [23]) is the key 
to connect Problem % x and BSPDVI (TO) . 
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Lemma 2.1. Suppose that the random field V : Q x [0, T\ x — > R satisfies the 
following: 

(i) V(w, •) is continuous with respect to (t,x) a.s. in Q. 

(ii) V(w,t, •) is twee continuously differentiate with respect to x for any t G [0, T] 
a.s. in fi. 

(Hi) For each x G M. d * , V(-,x) is a continuous semi-martingale of form: 

V t (x) = V {x)+ [ U s {x)ds+ [ Z k {x)dB k for any t G [0,T] a.s. inQ, 
Jo Jo 

where U(-,x) and Z(-,x) are W-adapted with values in M, M. d2 for any x G M. d * , and 
Z(w,t, •) is continuously differentiable with respect to x for any t G [0,T] a.s. in Q. 
Let X be a continuous semi-martingale of form U.l\) . Then we have 

V t (X t ) = V (X )+ [ (LV s + M k Z k + U s )(X s )ds+ [ (Z k + M k V s ) (X s ) dB k s 



+ / (N l V s )(X s )dW l s , (2.1) 
Jo 

where the repeated superscript I is summed from 1 to d\ and the repeated superscript k is 
summed from 1 to d 2 , and 

L ~\ (7<i7ii + OihOjk) D ij + (3i Di, M k ±9 lk D l , N l ± lu D h i,j = l,2,---,d*. (2.2) 

In this paper, we make the following assumptions on the coefficients (3, 7, and 9 of 
SDE (lETl). 

Assumption Dl. (Boundedness) 0, 7, 9 are V B x B(M. d *) -measurable with values in 
M. d * , M d * xdl , M. d * xd2 , respectively. Moreover, they are bounded by a positive constant K, 
i.e., 

I P(-,x) I + |7(-,x) I + I 9(-,x) I < K for any x G R d *, a.e. in x (0,T). 

Assumption D2. (Lipschitz continuity and non-degeneracy) 0, 7, and 6 satisfy Lipschitz 
condition in x with constant K, i.e., 

I /3(-,xi) - f3(-,x 2 ) I + I 7(-,^i) - l(-,x 2 ) I + I 9(-,x 1 ) - 9(-,x 2 ) \<K\x x - x 2 \ 

for any x\,x 2 G R d *, almost everywhere in Q x (0,T). Moreover, there exists a positive 
constant k such that 

li ilj /CO > ( 2 for any £ G a.e. in Q x (0, T) x R d * . 

It is clear that SDE ( 11. ip has a unique strong solution l6 5 p for any p > 1. 
Consider the following semilinear BSPDEs in the domain D: 



dV t (x) = -(CV t (x) + M k Z k (x) + F{t, x, V t (x))) dt + Z k (x) dB 



t ■ 



(t,x) G [0,T) x D; (2.3) 
V t (x) = 0, (t,ar) G [0,T] x 3D; 7 r (x) = <p(x), x E~D , 
where <9.D is the boundary of D, and the operators C and .M are defined in (11.31) . 
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X 



Definition 2.1. (strong solution) The pair of random fields (V, Z) G (E. 2 < 2 (D)nW ' 2 (D)) 
M 1 ' 2 (D) is called a strong solution of BSPDE (j23J), if almost surely for all t G [0,T], the 
following holds 



V t (x) = <p(x)+ f \cV s (x)+M k Z k (x) + F(s,x,V s (x))]ds- [ Z k {x)dB k 
Jt L \ J t 

for a.e. x £ D. 

Consider the following assumptions on the coefficients in ( 11 .3D . 

Assumption VI. (Boundedness) The given functions a, b, c, a, ji are "P 5 x B(B, d *)- 
measurable, and are bounded by a constant i^, taking values in the set of real symmetric 
d* x d* matrices, in the spaces R d *, R, R d * xd2 , R d2 , respectively. Da and Da exist almost 
everywhere and are bounded by K. 

Assumption V2. (Super-parabolicity) There exist two positive constants k and K such 
that: 

«|£| 2 + k*£| 2 < 2f*K J 'K < ^kl 2 for any £ G R d *, a.e. in x (0,T) x R d \ 
In view of P, Theorem 5.3 and Corollary 3.4], we have 



Lemma 2.2. Let Assumptions VI and V2 be satisfied. Assume that (p G L ' 2 (D) and the 
random field F : Q x [0, T] xDxl->R satisfies the following: 

(i) F(-,u) is V B x 13(D) -measurable for any u G R; 

(ii) F(-,0) G M°' 2 (D) and F is Lipschitz continuity with respect to u, i.e., 

\F(-, v) — F(-, u)\ < K\v — u\ for any v, u G R, a.e. inVl x (0, T) x D. 

Then BSPDE \2. 3\) has a unique strong solution (V, Z) such that V G S 1,2 (D). Moreover, 
we have the following estimate: 

\\v\\l, 2 + |||v|||;, 2 + \\z\\ 2 1>2 < c(k, k, t) (e[| <p\ 2 lt2 ] + 1| F(.,y(.)) ||g, 2 ). 

According to [301 Theorem 5.1], we give the existence and regularity result for strong 
solution of the linear BSPDE. 

Lemma 2.3. Let Assumptions VI and V2 be satisfied. Assume that F(-,u) = F(-) is 
independent of u and F G M. k,2 (D) with k > d*/2 + 2. Moreover, we suppose that there 
exists a constant M such that the coefficients and terminal value satisfy the following 

\D a a\ + \D a b\ + \D a c\ + \D a a\ + \D a fi\ < M, ip G Lg' 2 (D) fl L, k+1 ' 2 (D). 

l<\a\<k 

Then BSPDE (CLf has a unique strong solution [V, Z) such that V G § 1 ' 2 (D)n L 2 ' B 2 (C 2 {D') ) 
andZ G L;' b 2 (C 1 (D')) for any domain D' CC D. 



Now, we recall a special case of the maximum theorem for BSPDE of Qiu and Tang [28 
Theorem 5.8]). 
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Lemma 2.4. Let Assumptions VI and V2 be satisfied. Assume that F(-,u) = F(-) is 
independent of u, F G M P (D) fl M 2 (D) with p > d* + 2, and the terminal value satisfies: 

ess. sup | <p(w,x) | < oo. 

(w,x)£dxD 

let (V, Z) be the strong solution of BSPDE $2.5\) . Then we have the following estimate: 

ess. sup \Vt(w,x)\ < C(p, k,K,T) \\F\\mp + ||-^||m 2 + ess. sup \ip(w,x) 
(w,t,x)&nx{o,T]xD y (w,x)enxD 

Finally, we recall the following backward version Ito's formula for BSPDEs, which is 
the special case of Theorem 3.2 in [18J: 



Lemma 2.5. Let Assumption VI be satisfied. Assume that 

(v,Z) G (H 2 - 2 (D)nlJ' 2 (D)) xtf' 2 (D), /GH ' 2 (D), ^Lj' 2 (D) 
and the following equality holds for every 7] G Cq(D), 

I rjv t dx = f r]ipdx + ( I 7] (Cv s + M k Z k s + f s ) dxds - / / rjZ^dxdB 
Jd Jd Jt Jd Jt Jd 



almost everywhere in fl x [0, T\. Then there exists a new version V of v such that V G 
E> l,2 (D) and (V, Z) is a strong solution of the following BSPDE: 



V t (x) = ip{x) + / CV s {x) + M k Z k s {x) + f s {x) 



dt 



Z k (x)dB k s 



with (t,x) G [0, T] x D. Moreover, we have the following backward version Ito's formula 
for BSPDE: 



\v t 



t|0,2 



Vlo,2 + 




t JD 



2 tf'DiVsDjV, + 2 (V - Djd ij ) DiV s V s + 2c V 2 



-2 o ik Z k DiV s + 2(fi k - D { a lk ) Z k V s + 2f s V s - \Z S \ 2 dx ds 



-2 J V s Z k dxdB k for all t e [0,T] a.s. in Q. 

3 A generalized Ito-Kunita-Wentzell's formula. 

Since a strong solution V is only known to belong to H 2,2 , Lemma [2. II fails to be applied 
to V, and need be generalized. We have 
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Theorem 3.1. Suppose that the random function V : Q x [0, T] x M. d * — > R satisfies the 
following: V(x) is a continuous semimartigale of form 



V t (x) = V (x)+ [ U s (x)ds+ [ Z k s (x)dB k s 
Jo Jo 



a. e. x G R d * 



for every t G [0,T] and almost surely u G Q, such that V G H 2,2 , Z G H 1 ' 2 , and U G H ' 2 . 
Lei X be a continuous semi-martingale X of form U.l\) , and Assumptions Dl and D2 be 
satisfied. Then formula A2.1\) still holds. 

Remark 3.1. The random function V is not well-defined at every point (w,t,x) of 
Q x [0, T] x R d * (since it is defined only in a subset of full measure), and the value 
of V t (w,X t (w)) is thus not well-defined in general. However, Lemma [3.31 below indicates 
that V(X) = V.{X.) is well-defined path-continuous stochastic process in Q x [0, T] 
(see Remark [3.31 below). 

Lemma 3.2. Let the assumptions in Lemma \2. 3\ be satisfied. Assume that F G M. P (D) 
with p > 1, the domain D is bounded, and the terminal value satisfies the following: 

ess. sup | ip | o lP < oo. 

w<=Q 

Let (V, Z) be the unique strong solution of BSPDE \2.'J\) . Then we have 



\\V\\mp < C(p, k, K,T) I ||F|| M p + ess.sup | cp \ 0jP 

\ wen 

Moreover, if p > 2, then the above estimate also holds even if D is unbounded. 

Remark 3.2. Our boundedness assumption on D is used to guarantee f D $ n (0) dx < +oo 
for the case of p G (1, 2) in the following proof. It can be removed by using bounded 
domains to approximate D if it is unbounded. 



Proof of Lemma 13.21 If 1 < p < 2, we construct the mollification of | s\ p as 



1 

s > -; 
n 



^^(nV-l) 2 + ^(nV-l) + l, \s\< 1 -, 

which uniformly converges to | s \ p . Moreover, $ n G C 2 (R), <&' n {0) = 0, and for any s G 
$„00 > 0, < <( S ) < C{p, n), | <(s) | 2 < C(p) <(s) $ n ( S ), 
I I < C(p) | * B (a) | $;(s) s | < C(p) $ n (s). 
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Applying Ito's formula to <& n (Vt(x)) for any x G D and integrating with respect to x, 
we have 



$n(Vt)dx 



D 
T 

t JD 



KiYs) 



a ij D i V a D j V B + a ik Z k D l V s + - \Z S \ 2 



& n (V a ) (V - D ja ij ) AK + c V, + F s + (// - D i( r ik ) Z k 



dx ds 



T 

t J D 



& n (V s ) Z k s dx dB k s + / ® n (V T )dx 

JD 




—a- 



+ 



IK + k 1 



4(k + AK) 2 

7 



+ C(p, k, K) ($„(K) + | F s | p ) ^ rfx ds 



& n (V s )Z k dxdB k + [ ® n (tp)dx 

JD 

< C{ P ,k,K) [ [ {$ n {V s ) + \F s \ p )dxds- I [ & n {V s )Z k dxdB k 

Jt JD Jt JD 



+ / $ n (<p)dx. 



D 



Taking the conditional expectation under Tf on both sides of the above inequality and 
letting n — > oo, we deduce that 



/ I V t \ p dx < C(p, k, K) E I [ (\V S \ P + \F s \ p )dxds + \(p\l 

JD Jt JD 

Applying the Grownwall inequality, we conclude that 



Ti 



MP — T eSS 



sup / | V t \ p dx < C(p, k,K,T) ( II^Ump + ess.sup | ip |g J 

lx[O t T]JD V w&l ' J 



If p > 2, we directly apply Ito's formula to | V t \ p . Repeating the above argument, we 
can achieve the desired result. □ 

To prove Theorem I3.1[ we establish the following priori estimate. 

Lemma 3.3. Let X be a continuous semi-martingale of the form U.l\) . and Assumptions 
Dl and D2 be satisfied. If there exist a set P G V B and a domain D in M d * such that 
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J'XpXd £ M 2 l~l M p ; where \a is the indicator function of set A and p > d* + 2. Then 
there exists a constant C independent of f, P, D such that 



E 



TArpAro 



ft(X t )\dt 



< C ( \\fxpXD\\mv + ||/XpXd||m2 ), 



where 

t p = w£{t > : X p(t) = 0}, r D = inf{t > : X t G D}. 

If D is bounded and g XpXd £ with 1 < q < p, then there exists a constant C 
independent of g, P such that 

| g s (X s ) \ds) dt 



E 



L (L 



< C \\9XpXd\\mH- 



Proof. Step 1. We prove the first estimate. Without loss of generalization, we suppose 
the random field / > 0. 

We shall use Ito-Kunita-Wentzell's formula and the maximum theorem for BSPDE 
to prove the desired results. In order to apply Ito-Kunita-Wentzell's formula, we need 
smooth fxpXD- 

Define 

M exp( 1 ^ T ) if \s \ < 1; 
if I s I > 1 



CM 



with 



M = 



exp 



ds 



, C(2/) = C ( 1 2/ 1 ) , and ( n (y) = n d * (( ny ), 



and the mollification of fxpXo as 

f n (w,t,x) = {UxpXd) *tn)(w,t,x) = / (fXPXD)(w,t,y)( n (x-y)dy. (3.1) 

Then, / n G H fe ' 2 with A; > rf*/2 + 2, and there exists a positive constant C such that 

H/Imp < C ||/XpXd||m? and \\f n \\ U 2 < C \\fxpXD\\*p for any n G N+. 

Construct (V n ' m , Z n > m ) as the solution of the following BSPDE 

dV? m (x) = - (L™V t n > m (x) + Mj?2%?(x) + f?(x)) dt + 2%?(x) dS* 

(t,x) G [0,T) x M. d *; (3.2) 

y T "' m ( x ) = 0, i6R d ', 
where 

L m = \ {iTi ifi + °Tk 0f k ) Dij + (3? A, M fc m 4 0™ a, 
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Since the coefficients of L are bounded and Lipschitz continuous with respect to x, 
then 7 m , 8 m , and /3 m converge to 7, 9, (5 uniformly in x, respectively. Moreover, we can 
check that 

i<w<* ( 1 Da ^ m 1 + 1 D ° em 1 + 1 Da $ m 1 ) ^ M <^ for an y m G N +- 

I D 7 m I + I Dfl m I + I Df3 m I + I 7 m I + I 6 m I + I P m I < CX; 



7«7«e<^>«|e| 2 for any £e 



D <i " 



In view of Lemma [2.31 BSPDE (13.21) admits a strong solution such that 

yn,m £ R ^2 ^2^.) ) and ^n, m £ ^2 ^1^.) ) 

for any 5j = {x : | x| < j} with j G N+. 

Moreover, the comparison theorem for linear BSPDE (see [5]) implies that V n,m > 0. 
According to Lemma [2 A\ there exists a constant C, independent of /, P, m, n such that 

ess.sup sup V t n ' m (x) < C(||/ n ||Mp + H/IIm 2 ) < C (UxpXdWmp + UxpXdWm 2 )- 

wen (t,x)e[o,T]xD 

(3.3) 

Let X m be the strong solution of the following SDE: 

= Xl + J* x?) du + J* 7 j7(«, x u m ) dwi + x u m ) dfl* 

Then X m converges to X a.e in Q x [0, T\. Applying Lemma [2. II to V?' m (X™), we have 

V n ' m (x) = [ (-L m V s n > m -M™Z™'™ + L m V s n ' m + M™Z™'™ + f™)(X™)ds 
Jo 

- + M k v s ,m ){ x ?) dB k s - / T ( 7 ir D-y:mxT) dwi 

Jo Jo 



Taking expectation on both sides of the last equality, in view of the estimate (I3.3p . we 
have 

rT 



E 



E 



v n ' m (x) <c(\\r\\ MP + \\r\\ M2 ). 



Letting m — >■ +oo, we have 

f -T 



E 







< liminf E 

m— >oo 



<G(iini M p + iiri 



Since {/ n } is a Cauchy sequence in MP and M 2 , then the above estimate implies that 
{f n (X)} is a Cauchy sequence in C l . So, we can think of the definition of f{X) as 



f(X) = lim T(X) in £\ 
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Moreover, there exists a subsequence {f nh (X)}'^ =1 such that f nk (X) converges to f(X) 
a.e. infix [0,T]. 

Since / > and f n is the mollification of J'xpXd, then f n (X) is nonnegative a.e. in 
fix [0, T]. Hence, we deduce that 



E 



TAt p At d 



\ft(X t )\dt 


< E 


\l 









ft(X t )\dt 









dt 


= lim E 


f \tf{X t )\dt 






Jo 



< C(\\r\\w + \\r\M < C(\\f X PXD\\w> + MxpXdWhp). 

Step 2. We prove the second estimate. Suppose that g > and smooth gxpXD as 
the above, then g n > 0. Define v n ' m as the solution of the following BSPDE: 

dv? m (x) = - (U"v? m (x) + M™zl^(x) + <£(*)) ds + %?{x) dB*, 

(t,x) G [0,T) x R d *; 

vp m (w,x) = 0, V (w,t,x) G fi x f {T} xDU [0,T] x dD\ 

and define v n ' m (w,t, x) = if sfD. 

The comparison theorem for linear BSPDE (see [9]) implies that t> n > m > 0. Moreover, 
Lemma 13.21 implies that 

|K' m || M « < C \\g n || M « < C II^XpXdIIm?, (3.4) 
where C depends on diam(D), and is independent of g, P, m, n. Hence, we calculate that 



E 



< E 



TAt p At d / r TAr P AT D 



9 :(x™)d S dt 



TAt d 



E 



(TAr D )Vt 



g:(XT)ds 



_, 3. 

V 



dt 



E 



£ 

TAt d ( \ v 

n,m/ v m\ 



«rw) dt 



by Lemma 12.11 and the above method) 



< C(\\(v n ' m ) 9/p \\MP + \\(v n ' m ) q/p 



) (by the result in Step 1) 

< C\\(v n > m y/v\\ UP = C\\v n > m \\ q £ < C WqxpXdWw- (by the estimate (E3D) 

First, taking m — > +oo and then letting n — > +oo, we deduce that 

TAt p At d / r TAr P AT D 



E 



< lim inf lim inf E 

n— ¥00 m—too 



g s (X s ) \ds) dt 



TAt p At d / pTAt p At d 



g n s {X™)\ds\ dt 



< C\\9XpXd 



\i/p 



□ 
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Remark 3.3. For any V E H ' 2 , define 



P m =l(w,t): E | \V u \l 2 du 



F t < m ) and v = sign(V) | V \ 2 ^ d " +3 l 



Then vxp m XB m € M 2 R M d * +3 for any m G N+. Applying the first estimate in Lemma l3~3l 
, we deduce that v (X) X{t<TAr Pm /\T Bm } £ C, 1 and v(AT) is well-defined in the set {(u,t) : 
t < T A T Pm (w) A r Sm (u;)} for any m E N+. Since P m x B m ^ Q x [0,T] x 
then T A rp m A Te m t T and is well-defined in Q x [0,T]. Hence, the process 

V(X) = sign(>(X)) | v(X) |( d *+ 3 )/ 2 is well-defined. 

Proof of Theorem 13.11 Smooth V, U, and Z as follows 

V n ±V*( n , U n ±U*( n , Z n ±Z*( n . 
Then we have that for any x E ~R d * , 

V t n {x) = V n {x)+ [ U^\x)ds+ [ Z^' k {x)dB k for any t E [0,T], a.s. in Q, 
Jo Jo 

and V n , U n , and Z n satisfy the assumptions in Lemma [2.11 and converge to V, U, and Z 
in the spaces H 2,2 , H 0,2 , and H 1 ' 2 , respectively. 

Denote r m = Tp m A tb to , with P m waiting to be defined in (13.61) . Applying Lemma I27T1 
we deduce that 

-TAr„ 



pi Ar OT 

V t n ATm (X tATm ) = V£ AT jX TATm )- {LV: + M k Zl s + U:){X s )ds 

J tAr m 

-/ {Zl s + M k V:){X s )dB k s - {N l V:){X s )dW l s . (3.5) 

J tATm J t Ar m 



' tAr m JtAr, 

First, we prove that there is a subsequence (still denoted by itself) such that 
lim / f?(X,)ds= / /,(A s )rf S 

'tAT m J tAT m 



n—¥oo 



and 

rTAr m fT At„ 



PJ- Ar m /-J Ar,„ 

hm / <£ a (X 8 )dfl a * = / g k>s (X s )dB k s 

almost everywhere in Q x (0,T), where 

/ n = LV n + M k Z r k l + U n , f = LV + M k Z k + U, g% = Z£ + M k V n , g k = Z k + M k V. 

Since V n converges to V in H 2,2 , Z n converges to Z in H 1 ' 2 and U n converges to U in 
H ' 2 , then f n converges to / in H 0,2 and g n converges to g in H 1,2 . The Sobolev imbedding 
theorem implies that g n converges to g also in L^g (H°' 2q ), where q = 2 if d* < 2 and 
q = -^~2 ^ d* > 2. Hence, we have that 

ir-/lo,2 + l(^-^) 2 |o, 9 ^0 in O. 
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So, there exists a strictly increasing sequence of numbers {K m }^ =1 such that 



[w,t)enx[0,T] : \f n -f\o,2 + \(g n -g) 2 \o, q > ^) <^ foranyn>^ r) 



where Q is the product measure of P and Lebesgue measure on [0, T]. 
Define 



OO f 

p m=f] {(«>,<) enx[0,T]: 



/*"-/ 


+ 




<-) 




0,2 




o,g n J 



(3.6) 



We have that 



. — >■ 1 as m — y oo, 



- /) XP m XB m + - XPmXB 



0,2 



< — for any n > m, 

0,9 n 



II - /) Xp^XsJImP + || (g Kn - gf XP m XB m \Wi -> as n -»■ oo for any m G N+. 
From Lemma [3.31 . we obtain that asn-} oo, 



E 



/ / (f^{X s )-f s {X s ))ds 
Jo Jt 



dt 



<C\\ (f^-f) XPmXBm f/^Q. 



So, we deduce that there exists a subsequence (still denoted by itself) such that, 

pT/\T m pT/\T m 

I f^(X s )ds^ / f s (X s )ds a.e. in ftx(0,T) as n ->■ oo. 

Jtf\T m J t/\T m 



Moreover, as n — >■ oo, 



E 



E 



TAr m 



TAr m 



($ft(*.)-flk,.M) dB\ 



dt 



TAr m 



E 



o 



TAr m 



(g&iX.) - g kt ,{X.)) dB k s 



pTAT m 

< CE<j I E 



TAt„ 



g?»{X a ) - g a (X a 



ds 



Ft 


dt j 


Ft 


dt j 



TAr m / pTAT m 



g?»(X.) - g a (X a 



ds I (it 



< C 



(g Kn -gf xp m XB„ 



q/p 



->■ 0. 
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For any fixed m, we pass to the limit in (13. 5p asn-^oo (at least for a subsequence). 
Using the above method, we easily achieve that a.e. in {(w,t) : < t < r m (w),w G Q}, 



V tATm (X tATm ) = V TATm (X TATm ) - {LV s + M k Z Ks + U s ){X s )ds 

Jt A T m 

/•TATm rT A T m 

- / {Z Ks + M k V s ){X s )dB k - / (N l V s )(X s )dW l s . 

J t A Tm. J t A T m 



tl\T m J tl\T m 

Hence, we can choose a version of V(X) such that V t (X t )(w) is continuous with respect 
to t on [0,r m (w)] a.s. w G Q, and the above equality holds for all t G [0,r m (w)} a.s. 
w G Q. 

So, we deduce that a.s. in Q, for all < t < r m , 

/•tAT m 

V tATm (X tATm ) = Vo(X )+ (LV s + M k Z k , s + U s )(X s )ds 



JO 

tAT m ptATm. 

(Z k>s + M k V s )(X s ) dB k + / (N l V S )(X S ) dW l s . 
o </o 

Taking m — > oo, we have the desired result. □ 

4 Verification theorem. 

In this section, we prove the verification theorem that the Nash equilibrium point and the 
value of the Dynkin game are characterized by the strong solution of BSPDVI (11.21) . 

Consider the following assumptions on the free term /, the terminal value tp, and the 
upper and lower obstacles V and V_ in BSPDVI (11. 2p . 

Assumption V3. (Regularity) / G H ' 2 , (p G L 1 ' 2 , and V_ and V are continuous 
semimartigales of the following form 

dV t = -g t dt + Z k t dB k , dV t = -g t dt + Z k dB k , (4. 1) 

where g , ~g , Z_, Z G H ' 2 , V_,V G H 1,2 and there exists a nonnegative random field 
h G B 072 such that 

CV +M k Z k - g_ +h > and CV + M k Z k - g - h < 

hold in the sense of distribution, that is, for any nonnegative function r\ G C^M^*), we 
have 

T{V,Z,g,h,r])>0 and T(V , Z , g, -h , rj )< a.e. in ft x [0, T], (4.2) 
where 

T(V,Z,g_,h,r]) ± -f (a ij D i V+a jk Z k )D J r ] dx+[ (h-g_) v dx 



+ f \ (b l - D ja tj ) DiV +cV + (fi k - D iC T ik ) Z k 



77 dx. 
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Assumption V4. (Compatibility) V_<V,V_t<^>< Vt and 

(cVt + M k Z k t +f t - g t ) X { v=v} = a.e. in fi x Q, where Q = [0,T) x R d \ 

The following is a stronger version of Assumption V3. 
Assumption V3'. / G HI 0,2 , if G L 1 ' 2 , and V_ and V have the following representation: 

dV t = -9tdt + Z_ k dBf, dV t = -g t dt + Z k dB k , 

with]/, V G H 2 ' 2 , Z_,Ze H 1 ' 2 , and#, # G H 0,2 . 

The following clarifies the relationship between Assumptions V3 and V3'. 

Proposition 4.1. Assumption V3' implies Assumption V3. (ii) If V_ and V satisfy 
Assumption V3, then there exist two sequences of functions {y„}™ =1 and { l / n }^ =1 suc/i 
thatV_ n and V n satisfy Assumption V3' and the following 

dV n ,t = -g n ,tdt + Z k nt dB k , dV n , t = -g n ^ t dt + Z k nt dB k , 
Vn^V, V n ^V a.e. in Six Q and in H 1 ' 2 n§ 0,2 . 

Moreover, there exists a sequence of nonnegative random fields { h n }^ = i such that h n G 
HI 0,2 and 

CV n + M k Z k - g n > -h n , CV n + M k Z k - g n <h n a.e. in fi xQ, 

(' ~ \ (43) 

||^n||o,2 < C{K) ||Z||l,2+ ||^||l,2 + \\Z\\ 0,2 + || Z || 0j 2 + || h 1 1 o, 2 ) • 

Proof, (i) For the two processes V_ and V in Assumption V3', define 

/i^maxj (CV +M k Z k - g)~, (cV +M k Z k - g) + ], 

where / + and /~ represent the positive and negative parts of /, respectively. We can 
check that V_ and V satisfy Assumption V3. 

(ii) For the process V_ in Assumption V3, define 

Zn=Z*Cn, 9n= 9*(n, Z_ n = Z * ( n , fl n = h * ( n . 

We have 

dV n ,t = -gn,tdt + Z k n>t dB k , V n eU 2 > 2 ,g_ n G H ' 2 , Z_ n G H 1 ' 2 , h n GH ' 2 . 

Since V_ G H 1 ' 2 , g , Z_, h G H 0,2 and V_ has the special representation (14. ip . then we 
have that 

V n ^V a.e. in Q x Q and in H 1 ' 2 D S 0,2 , g_ n g, Z n -»■ Z_, h n h in H ' 2 . 

So, it is sufficient to prove that there exist a nonnegative random field sequence { h n }™ = i 
satisfying ( 14.3(1 . 
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Let 7] (x) = ( n (y — x) in (14. 2p . In the following, we estimate every term in (14. 2p . At 
first, we define 

Il(t,y) = - / a ij (t J x)D l V(t,x)D j 7 1 (x)dx-a^(t,y)D^V n (t,y). 

JR d * 

We have 

\lk{t,y)\ < [ \a i i(t,x)-a ij (t,y)\\D i V(t,x)n d * +1 D j ((n(y-x))\dx 



< Kn d * +1 \x-y\ \D i V(t,x)D j ((n(y-x))\dx 
= K [ \x\ D i v(t,y--)D j ((x) 



< C(K)n d / \D l V(t,x)\dx, 

>D n {y) 



where 



D n (y) = I (x ir ■ -,x d *) : \ xi - yi \ < - for any i = l,- 
I n 

Hence, we have the following estimate 



• -,d* 



ll£llo,2 < C(K)E I I n d \D t V(t 1 x)\ 2 dxdydt 
Denote 

^(*,y) = - / (a jk Z k D jV )(t,x)dx-(a^D j Z k n )(t,y), 



<C(K) \\DV\\ 



0,2 



b l DiV + cV + fi k Z k )r) 



i 3 n (t,y) i 

I*(t,y) = -I [D ja ij DiV+ D i( x ik Z k )r] (t,x)dx. 
J Rd * L V /J 

Repeating the above argument, we get the following estimate: 

l«, 2 + IM, 2 + ll^<^w(ll^ll^ + IIZK 

Hence, if we denote 

h = h + I J 1 I + 1 1 2 I + I J 3 I + 1 1 4 

i<"n ""n ' I 1 n I ' I 1 n I ' I 1 n I ' I J n 

then the above estimates and T(V_, Z_, G, h , r]) > imply that 



(t, X)tte - ( & 4 AZn + cZn + ^) (*, 2/) 



'lih 



£Vn + M k Z k n - g n + h n >0, \\h n \\ 2 2<C(K) || Z 



10,2 



V II 2 
i- Hi, 2 



/ill 2 

lb II 0,2 



Using the same method, we can deduce the rest of ( 14. 3ft . 
A strong solution of BSPDVI ( 11.2ft is defined as follows. 



□ 
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Definition 4.1. If (V, Z, k+, k~) G H 2 ' 2 x H 1 ' 2 x I 
V t = ip + J (CV S + M k Z k s +f s + kt - K 



M ' 2 such that 



ds 



T 

- / Z k s dB k , a.e. x G 



for all t G [0, T] and a.s. in O; 



(4.4) 



V < V < V , fc± > a.e. inOxQ; 



(V t - V t )A: t + dt 



< Jo 



(V t - V t ) k~ dt = a.e. in fi x 



Then (V, Z, fc+, fc~) is called a strong solution of BSPDVI ( TO]) . 

We have the following verification theorem for Problem ^ta;- 

Theorem 4.2. (Verification) Lei Assumptions V1-V4 be satisfied and (t,x) G Q. 
Let X be the solution of SDE (11. ip wi/i i/ie uaiue feeing x at the initial time t, and 
V (X) = V (•, X.) and V(X) = V (•, X.) are stochastic processes with continuous paths. 
Assume that the four-tuple (V, Z, k + , k~) is a strong solution of BSPDVI (11.21) with 



\i=i i=i j 



V±p h c^O, a ik ±9 ik , /i fc ^0 (4.5) 
d 2 . Then V(t, x) is the value of Problem & tx . 



for any i,j 
Define 



1, • • • , d* and k 



t* = inf {s G [t, T] : V S (X S ) = V S (X S )}AT 



and 



T* = inf {s G [t,T] : V S (X S ) = V S (X S )} AT. 
Then, (t*,t|) is a Nash equilibrium point of Problem @ tx . 

Remark 4.1. Assumptions Dl, D2, and (14. 5 p imply Assumptions VI and V2. If As- 
sumptions Dl, D2, V3', and (14.51) are all satisfied, then the processes Y_(X) and V(X) 
are Ito processes and possess path continuous versions by Theorem 13.11 If V and V are 
continuous with respect to (t, x) a.s. in Q, and Assumptions Dl and D2 are satisfied, then 
V_(X) and V(X) are stochastic processes of continuous paths. 

Proof of Theorem 14.21 It is sufficient to prove that for any r 1; r 2 G W t T, it holds that 



E 



Rt(x;T*,T 2 ) 



> V(x) > E 



Rt(x;Ti,To 



a.s. in Q, 



with equality in the first inequality if t 2 = t 2 and in the second inequality if n = r*. In 
what follows, we only prove the second inequality since the first one can be proved in a 
symmetric way. 
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From Theorem 13.11 we deduce that V(X) is an Ito process and possesses a path 
continuous version. Hence, V(X) — Y_(X) and V(X) — V(X) are stochastic processes 
with continuous paths. So, we have almost everywhere in Q x Q, 

X{r*<T} V T *{X T .) = X{t*<t}Vt*(X t *) and X{^<t} V t *{X t *) = X {^<t}V t *(X t *), 

and a.s. in Q, 

V S (X S ) - V S (X S ) > for any t < s < r* and V S {X S ) - V S (X S ) > for any t < s < r*. 
Moreover, the third equality in Definition 14.11 implies that: 

k + X{(w,s,x):(V-V)(w,s,x)>0} = 0, k~ X{( w ,s,x):(V-V)(w,s,x)>0} = in M ^ +3 - 

From Lemma 13.31 , we deduce that 



K( x s) X{s<r*} = 0, k s (X s ) X{s<r*} = a.e. in Q x (0,T), 
and for any n, r 2 ElA t ,r satisfying t\ < r*, r 2 < r|, the following hold 




and 




(4.6) 



On the event {t\ G U t,T '■ r i > r 2}> a PPlyi n g Theorem 13. 1[ we have 





J f u (X^)du + 



I 



LV U + M k Z k u - {CV U + M k Z k u + f u + K- K) (Xf ) du 



+M 1 (r*)+V t (X t t ' x ), 



where 




Recalling ((US]) , ffl~6j) and /c+ > 0, we have 




(X*' x ) du + Mi(t%) < V t (x) + Mi(t 2 *) a.s. in fi, 



with equality if ri = r*, which follows from r| < r* and ( 14.61 ). 
On the event {r 6 : Tl < t£}, in a similar way, we have 





< V t (x) + Mi(n) a.s. in J], 
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with equality if T\ = t*. So, we obtain that 

Rt{x] n, t*) < V t {x) + M 1 (t 1 A r*), 

almost surely with equality if T\ = r*. Taking conditional expectations with respect to 
jFf, we have 



E 



Rt(x]Ti,T 2 



< Vt(x) for any T\ EUt,T a.s. in Q 



with the equality holding if T\ = r*. The proof is then complete. 



□ 



5 Strong solution of BSPDVI (11.21) : existence and 
uniqueness, and comparison theorem. 

In this section, we use the penalty method to prove the existence, and establish a com- 
parison theorem to obtain the uniqueness. 

We first deduce some estimates about BSPDE (12. 31) . which are crucial to the proof of 
the main results in this paper. 

Lemma 5.1. Let the assumptions in Lemma WM be satisfied. Define /(•) = F(-,V(-)). 
Then the strong solution (V, Z) of BSPDE A2.3\) satisfies the following: 

ll^~lll,2 + lll^~lllo,2 + II^X{V<0}||o,2 

< C(k,K,T)E (\y-\l, 2 + jJ^fjVrdxd^J, (5.1) 
ll^ + |ll 2 + |||^ + |||^ 2 +||^X { v>o}||^ 

< C(K,K,T)E^\<p + \l 2 + £j^f+V+dxd s y (5.2) 

\\V\\i,2 + \ \\V\\\l, 2 + \\Z\\l )2 < C(k, K,T)E^\ ip\\ 2 + fj^ {f s V s ) + dx ds^j , (5.3) 
E ( f T f fsV'dxds) < C(k,K)(\\V~\\1 2 + E\<f-\ 2 2 ), (5.4) 



fsV-dxds^j <C{ K ,K)(\\V-\\l 2 +E\<p-\l 
I Id - fsV * +dxds ^J ^ C ^ K ){\\ V+ W12+ E \V 



E \JoJd ~ fsVs dxds ) ^ C (' ;K 'n H r "lln.2 ! E| r --|,i, 2 ). (5.5) 
Proof. Define the auxiliary functions: 

r 2 , r < 0; 

£( r ) = { r 2 (l -r) 3 , < r < 1; 
0, r > 1 
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and ^ 

U(r) = -» £(nr). 

we have £ n G C 2 (M), |^'| < C, 

lim £ n (r) = (r~) 2 uniformly, lim £' n (r) = —1r~ uniformly, 

n— >oo n— >oo 

and 

f 2, r < 0; 
lim C(r) = i 

n ~+°° [0, r > 0. 

Applying Ito's formula for Hilbert- valued semimartingales (see e.g. in [27]) to £ n (V), 
we deduce that J* = J 2 — a.s. in f2, where 



1 A 



Cn(Vf) dx- ^ n ((f) dx 
D JD 



J, 



2 A 




T 



D Jt 



&(V a ) DiidPDjV, + a tk Z k ) + (6" - Dp") D t V t 



+cV s + (// - D^ k ) Z k + /. ) --C(V S ) \Z S \ 2 



ds dx 




d Jt 



- C(V S ) ( a ij DiV s DjV s + a ik Z k D t V s + - \Z S \ 2 



+£n(Vs) { (b l - Dp*) DiV s + cV s + (fi k - AO Z k + /„ 
4=[ f aV s )Z k dB k dx. 

JD Jt 

Taking n — > oo in the above equalities, we have that 
J l n -> J x ± ( (V-) 2 dx- [ (cp-) 2 dx, 

JD JD 




2=1 I X{V s <0} 
D Jt 



ds dx, 



2a lJ DiV s DjV s + 2a lk Z k s DiV s + \Z S \ 



-2 V- ( {V - D^) D t V s + c V s + (/? - AO Z k + f s 



ds dx 



Jl J'i — ~ 2 / / • ■• 

D Jt 




vr z k dB k dx 
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Hence, J\ = J2 — J3 a.s. in fi. Denote 

cT 



k,2;t 



e( sup \V s \l 2 \ and ||F|| 2 fc>2;t 4 E (jf* |V.|2 >2 ds) 



Since 

II K. K. 

ds dx, 



rT 

J2 < I IX{v s <o} 




\DV S \ 2 + C(k, K) I V s \ 2 - 2 I |Z S | 2 - 2 7" /. 



'D Jt 

taking expectation on both sides of J\ = J 2 — J 3 , we have 

E|7rlo,2-E|^|^ 2 < -^W V ~Ww- 2{k K +ak) \\ZX{v<v}\\w 

rT 

|2 



+ C(K,K)\\V-\\l 2 ; t -2H [ I J^V-f s dxds). (5.6) 



Hence, 



sup EIV7I 2 2 + ||7-|| 2 i2;i + ||^X{y<0}|lo,2;t 
se[t,T] 

< C(k,K) |E(|^-| 2 2 ) + ||7-|| 2 2;t + E N T J f-V a -dxd8^Y 
This along with the Gronwall inequality yields that 

sup E|^-| 2 2 + ||y-|| 2 2 + ||z X{y < 0} || 2 2 

t€[0,T] 

< C(k, K,T) E (^\(f-\l 2 + f D fr V s~ dx ds^j . 
Using the BDG inequality, we have 

\\\l2+\\V-\\l 2 + \\ZX{v<o}\\l2 



< \\\\v-\\\l t + c(K,K,T) 



ll^<o}llo, 2 + E (\<p-\l 2 + J o J^frV-dxds^J 



So, the Gronwall inequality implies ( 15. ip . 
We prove (15. 2p in the same way. Since 

I V I + I DV I = V + + V~ + I DV + I + I DV~ I, (/ V) + = f + V + + /" V~, 

we derive f!5 .31) from (15. ip and (15.21) . 

On the other hand, taking t = in (15. 6p . we have (15.41) . Applying (15. 4p to the BSPDE 
for (-V, -Z), we have (O]) . □ 

We have the following comparison theorem, which implies the uniqueness of strong 
solution of BSPDVI QT2). 
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Theorem 5.2. Let Assumptions VI and V2 be satisfied. Let (V{, Z iy kf, k i ) be the strong 
solution to BSPDVI (Q with (/, (p, V, V) = (f h (p i} V h V_i) for i = 1,2. // /i > 
/2, <fi > ¥>2> Vi > V 2 , andV_ \ >V_ 2 , then V\ > V 2 o,.e. in Q x Q. 

Remark 5.1. In general, we have no comparison on the reflection parts k ± . Here is an 
illustration. Take d* = 1, C = D 2 X , M = D x , and T = 1. 

(i) For the following parameters: 

F 1 = (l + a; 2 )- 1 , Zi = 0, ^^(1 + x 2 )- 1 , / 1 = 3(l + x 2 )- 3 ; 
V 2 = (l + x 2 )-\ V 2 = 0, y? 2 = 0, f 2 = -(l+x 2 )- 3 , 

we have 

V 1 = (l + x 2 )- 1 , Zi = 0, kf = 0, ^ = (1 + 6a; 2 ) (1 + x 2 )" 3 ; 
V 2 = 0, Z 2 = 0, k+ = (1 + x 2 )~ 3 , fc 2 ~ = 0, 

with 

fc] 1 " < k 2 and fcf > k 2 . 

(ii) For the following parameters: 

V 1 = e*(l + x 2 )- 1 , V 1 = e 3 - 3t (l + x 2 )- 1 , Vl = e 3 (1 + x 2 )~\ f ± = 0; 
F 2 = e 3t - 3 (l + x 2 )-\ Z 2 = 0, ^ 2 = e- 3 (l + x 2 )- 1 , f 2 = 0, 
we have 

^ =e 3 " 3t (l + x 2 )^ 1 , Zi = 0, A;+ = e 3 " 3 * (3x 4 + 5) (1 + x 2 )" 3 , fef = 0; 

V 2 = e 3 *~ 3 (1 + X 2 )" 1 , Z 2 = 0, fc+ = 0, fcj = e 3 " 3 * (3x 4 + 12x 2 + 1) (l + x 2 )~ 3 , 

with 

kf > k 2 and fcjf < k 2 . 
Proof of Theorem 15.21 Define 

AV = Vx - V 2 , AZ = Zx- Z 2 , Ak + = kf - kf, 

Ak~ = ky - k 2: A/ = /i-/ 2 , Av9 = ^i-v3 2 - 
Then A/ > 0, Ay? > and A^ satisfies the following BSPDE: 

rp rp 

AV t = A v + [ (£AV s + M k AZ k + Af s + Akf-Ak;)ds- [ AZ k dB k s . 
Jt Jt 

In view of Lemma 15.11 , since Af > 0, Aip > 0, kf >0,kf> 0, we have that 
||(AV)-|| 2 2 + |||(A\/)-||| 2 2 +||Z X{Ay < 0} || 2 i2 

< CE (\(A v )-\ 2 2 + [ T [ (Af s + Akf-Ak;)-(AV s )-dxds) 

V Jo </R d * J 

< CE ( [ [ X{ Vl <Vi}(kT, s + k+ s ){V 2;S -V liS )dsdx). (5.7) 
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On the other hand, in the domain {Vx < V 2 }, we have 

V 2 < V 1 < V x < V 2 < V 2 < Vl 

Hence, we deduce that 

/ X{V X <V 2 } ( K,s + k 2,s ) ( V 2,s ~ V ljS ) d.S 

Jo 

X{vkv 2 } ( V 2> s - V i, s ) k^ s - ( Vx, s - V 1, s ) k^ s 
' (V 2 , s -V 2 , s )k+ s -(Vx, s -V 2jS )k. 



ds 



< 



+ / X{Vi<v 2 } 



X{V!<v 2 } 



(Vx !S -Vx,s)K s + {V 2;S -V 2;S )k+ 



ds 



ds. 



(5i 



Since (Vi — Vx) k 1 < and (V2 — \£ 2) ^2" — a - e - in f2 x Q, then the forth equality 
in (I4.4p implies that 

X{Vkv 2 } (Vx,s ~ Vx, s )K s ds = / XlVKVa} ( ^2, s -Z2, s ) ^ s c?s = 0. (5.9) 
From fl5.7p - fl5.9l) . we conclude that 

||(Ay)-||? f2 + |||(Ay)-|||g fa + ||z X{ Av^o}| 

which means that AV > 0, i.e., V X >V 2 . 

The main result of this section is stated as follows. 



2 - n 

0, 2 — u > 



□ 



Theorem 5.3. Let Assumptions V1-V4 be satisfied. Then BSPDVI (11.21) has a unique 
strong solution (V, Z, k + , k~) such that 



\\V\\2,2 + |||V|||l,2 + ||^||l,2 + ||& ||o,2 + \\k || 0, 2 

< C(k,K,T) (e[|^| 1)2 ] + ||/||o,2 + ||Z||i,2 + ||F|| 1)2 

+ ||^||0,2+||^||0,2+||^||0,2). (5.10) 

Moreover, ifV_(X) and V(X) are stochastic processes of continuous paths, then the strong 
solution of BSPDVI (11.21) coincides with the value of Problem &tx- 

Proof. The uniqueness of strong solutions is an immediate consequence of Theorem 15.21 
The rest of the proof is divided into the four steps. 

Step 1. Penalty. We construct the following penalized problem to approximate 
BSPDE flT2D: 



' dV n>t = - [CV n>t + M k Zl t + f t + n {V n;t - V n;t )+ - n (V n<t - V n , t ) + ] dt 



+ z n,t dB t \ 



(5.11) 
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where V_ n and V n are defined in Proposition 14. 1[ and ip n is the mollification of tp, i.e., 
(p n — <f * C, which is defined in (13.11) . It is clear that V_ n < <p n < V n and <p n converges to 
(p in L 1 ' 2 . 

Denote 



F(w,t,x,u) = f t (w,x) +n(V njt (w,x) -u) + -n(u- V ritt {w,x)) + . 
Then F(-,u) is V B x i3(M d * )-measurable for any u G M and 

F(-,0) = f + nV+ -nV~ e H ' 2 , \F(w,t,x,u) — F(w,t,x,v)\ <2n\u-v 



According to Lemma I2T2"} BSPDE (15.111) has a unique strong solution denoted by (V n , Z n ). 
Step 2. The sequence {V n } is bounded in H 2 ' 2 . Define 

AV n = V„ - Zn), AZ„ = Z n - Z n ), AV n = yfr(V n - V n ). 

Then (AV_ n , A2 n ) is a strong solution to the following BSPDE: 

" d AV n , t = -{£ AV n , t + M k AZ^ t + y/nf n>t + n (Ay „, t )- - n {AV n , t ) + ) dt 



AV n ,T(x) = <Pn{x) 



+ AZ k n ,dB, 



t I 



with 



/„ = / + £L + ^-3«eH°> 2 and ^„ = ^(^-Zn,T)>0. 
From Lemma [2.51 we have (p n G H 1 ' 2 . In view of (14. 3p . we have 

fn>f-h n} fn<f~+h n , 



\\i-\\ ,2<C(K)( 



0,2 



|y||l,2+ ||y||l,2 + ||Z|| ,2+ ||Z|| ,2 + ||/i||0 l2 ). 



Since 



(^/n + n(AZ»)" -n(Ay n ) + ) < Vn/ " + n (Ay n ) + , (Ay n ) + (Ay„) 
we have from (15. ip in Lemma [5. II that 

||(Ay^-|| 2 2 + |||(Ay„)-||| 2 i2 + ||Az nX{A y n < 0} || 2 i2 

< C(k,K,T)K 



C(k,K, T)E 




v^/- s + n(Ay njS )+ ) (Ay njS )-dxds 



< 



4C(k,X) 



II ( AZ n )- || J a + C(k, K, T) C(k } K) ii f~ || 2 i2 



(5.12) 
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Recalling (AV n ) + (AV n )~ = 0, and applying (E3D in Lemma O to BSPDE of 
(AV_ n , AZ_ n ), we have that 



E 



E 



dx ds 



I I V^/n, s (AZ v )-+n((AK v ) 

JO JR d * V 

[ [ (Vnfn,s + n(AV n , s )~-n(AV niS ) + )(AV n , s )-dxds 

Jo Jtt d * v J 



< C(K,lO(ll(AZ„)-||g, 2 + E[|^-|l 2 ]) <C( K ,K)\\(AV n )-\\l 2 . 
Hence, we deduce that 



n 2 ||(K-Zn)-|lo,2 = E 

< c(«,i0||(Ay n )-||? 2 -E 



/ / n((AVn, s )-) 2 dxds 
Jo Jtt d * v J 

nln tS (^AV n>s )~dx ds 
_ : d* 



n 



< ^ \\(V n -V n )-\\i 2 + C(K,K,T)\\l- 



1 0,2 



(by (EI2D) 



Hence, we have 
with 



feJIIJa <C(k,K,T) \\f~ 



1 0,2 



In a similar way, we have 

|| k~ \\l 2 < C(k, K,T)\\f + CV n + M k Z k n - g n \\\ 2 



< C(k,K,T) \\v\\l 2 + \\v\\i t2 + \\z\\l 2 + || z 



0,2 



M|o,2 + 



2 

0,2 



with 



K = n(V n -V n ) + . 
From Lemma [2.21 we have the following estimate: 

lll^n|||l,2 + ll^n||l,2 + ll^ + llo,2 + ll^n 1 1 0, 2 



< C(«, K, T) (e [ | ^ n | ? 2 ] + 11/ + K - k~ n \l 2 + + ||fe 



n 1 1 0, 2 



< C(/c,tf,T) (E[M? )2 ] + 



2 

0,2 



ZH 2 i, 2 + l|V|lt 



7 ||2 i || ry ||2 | || ^ l|2 

A Ho, 2 



7 IP _j_ II /, IP 
^ II o, 2 i II u Ho,: 



(5.13) 



Hence, there exists a subsequence of {(V n , Z n , k+ , k~)}, still denoted by itself, such that 
V n , Z n , k+, k~ converges to V, Z, k + , and k~ weakly in H 2 ' 2 , H 1 ' 2 , H 0,2 , and H 0,2 , respec- 
tively. Letting n tend to oo in (I5.13p . we have (I5.10p . 
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Step 3. V n converges to V strongly in H 1 ' 2 . It is sufficient to show that {V n }^ =l 
is a Cauchy sequence in H 1,2 . Define 



AV n>m = V n - V m , AV n , m = V n -Vm, AV , 



— 1/ — V A 7 —7—7 

' n ' mi L -** J n,nn ^n 



and Ak^ m = — k m with m > n. Then (AV nim , AZ n ^ m ) satisfies the following BSPDE: 
AV n>m>t = J {CAV n ^ s + M k AZ k n ^ s + Akl m<s - Ak'^ds-J AZ k ^ s dB k . 



From ( 15. 3 p in Lemma [5. 1\ we have 

II AV n m \\i 2 ~\~ III AV n>m \\\o^2 ~l" II AZ n m ||q ; 2 

r-T 



< CE 



Moreover, we have 




JR d * 



dx ds 



(5.14) 



AV n ,m Ak n 



and 



AT/ AU- 
<—* v n,m L - irv n, m 



= U [ ( V n - V n ) - ( V m ~ V m ) + AZ „, m } (V n ~ V n ) + 

-m [(V n -V_n) - (V m -V m ) + AV n ,m] (Y_ m - V m ) + 
< (Vm-Vm) + K + (Vn-Vn) + k m + AV n , m (K- fe+ ) 



< -k^k m +\AVn,m\(\K\ + \k m \) 

n 



= n[(V n -V n ) ~ (Vm-V m ) + AV n ,ra] (V n ~V n ) + 

-m [(V n - V n ) ~ (V m ~ V m ) + AV n>m ] (V m - V m ) + 
> -(Vm-Vm) + k--(Vn-Vn) + k m + AV n ,m(k~- k~) 

2 



> 



KkZ- AV 



n 



n, m | (I k n | ~\~ | k n 



Combining (I5.13P and (I5.14p . we derive that as n, m — > oo, 

Q 

,m||lo.2 + II A-Zn,m||o,2 

< 1" C (|| AV_ n ,m 1 1 o 2 + II AV 



n,m II0.2) ^ ^' 



since {J/ and {V n\n°=i are Cauchy sequences in H ' 2 . Hence, V n converges to V in 

HI 1,2 . 

Since 



\\(Vn-V 



n) 0,2 



1 



7? 



&n 1 1 0, 2 < C/W — > as 77 — >■ OO, 



we derive that ( V_ n — V n ) + converges to in H ' 2 . On the other hand, V_ n — V n converges 
to V - V in H ' 2 . Hence, we deduce that (V - V )+ = 0, i.e., V > V a.e. in ft x Q. In 
a similar way, we have 



V < V < V, k + } k~ > a.e. in fixQ, 
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which is the second and third inequalities in ( 14. 4p . 

Step 4. It remains to show that (V, Z, k + , k~) satisfies the first and forth 
equalities in (14.4ft . Let £ be an arbitrary P B -predictable element of C 2 , and V r] G if 2 ' 2 . 
We have n£ G HI 2,2 . 

Rewrite ( 15. lip into the integrated form: 

Vn,t = ¥ + f(CV n , s + M k Z k , s + /, + *+,- k~ s )ds- j T Zt s dB k s . 
Multiplying by n £ both sides of the last equality, and integrating, we have 

] =h + h, 



E 




JR d * 



V njt (x)ri(x)£ t dxdt 



with 



h = e( f f <p(x)r)(x)£ t dxdA -E ( I [ [ n(%) £t Z k s (x) dB k dx dt 

V JO JR d * J \Jo JR d * Jt 

III v(x)^ t (cV n , s + M k Z^ s + f s + kl s -k- s )(x)dsdxdt 

. Jo JR d * Jt v 7 



^ E 
Evidently, we have 



lim E f / / V nt (x)ri(x)Z t dxdt) =e( [ it I V t {x) rj(x) dx dt V 

n.->oo J Rd * ' J \Jo JK d * J 

Since Z n converges to Z weakly in H 1 ' 2 , from a known result (see [2H Theorem 4, page 
63]), we have 

lim E ( £ t I I n{x) Z k n a (x) dx dB k ^ = E f & / / r/(a;) Z s fc (x) rfx d£ 

n ^°° V A ilR d * ' / V Jt jR d * 

for any t G [0, T]. Moreover, for every t G [0,T], 



E e 










/ \r](x)\E 


Z k Jx)dB k 


dx 


/R d * 







< Mo,: 



< I V I o,: 



< 



»7 I 0,2 



E(#)E 



E(^ 2 )E 



1/2 









2 ~ 


1" 


E 




£ Z* iS (x)dB k s 




da; > 













E(& 2 ) Wia<C7h|o, 2 E(£ 2 ) 



1/2 
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Hence, using Lebesgue's dominant convergence theorem, we have 

E ( f f I iW^n s {x)dB*dxdA -»E ( I & I [ r]{x)Z k s {x)dxdB k s dt] . 

V J0 JlSL d * Jt J \Jo Jt Jtt d * J 

In a similar way, we have 




r](x) CV s (x) + M k Z k (x) + f s (x) + k+(x) - k;(x) 



dx ds dt 



Hence, we show that for any rj e H 2,2 and P B -predictable stochastic process £ belonging 
to C 2 , it holds that 

r f T 

E 



E 



/ V t (x) rj{x) dx dt 



6 



UO 



(f(x) r)(x) dx — 




rj(x) Z k s {x) dx dB k s dt 



+ E 



it I [ V{x) {£V s {x) + M k Z k {x) + f s {x) + fc+(x) - fe7(a:) ) dxcfedt 
Since £ is arbitrary, we see that for any rj e i7 2 ' 2 , a.e. in Q x [0,T], it holds that 

r}V t dx= [ 7]Lpdx+ [ [ r](£v s +M k Z k +f s +k+-k-)dxds-[ [ r]Z k dxdB k . 
'* Jm d * Jt Jm d * Jt Jvi d * 

From Lemma 12.51 we deduce that V e H 2 ' 2 nS 1 ' 2 , and (V, Z, k + ,k~) satisfies the first 
equality in (I4.4p . 

Now, we prove the forth equality in ( I4.4j) . We have 

V>V, fc + >0, [ (V t - V t ) K dt > 0. 



On the other hand, since fc+ converges to k + weakly in H ' 2 , V n — V_ n converges to V — V_ 
strongly in HI 0,2 , and 

T pT 

(V n>t -V n , t )k+ t dt = n / (V ntt -V n ,t)(Vn,t-V n>t ) + dt<0. 
o Jo 



Therefore, we have 



which implies that 



E 



/ / {V t -V t )ktdtdx 

_ JR d *J0 



<o, 



/ (V t - V t ) kj dt = a.e. in ft x R d * . 
Jo 



In a similar way, we have 



(V t - V t ) k~ dt = a.e. in Q x 



□ 
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6 Further properties on the strong solution, and the 
free boundary of BSPDVI (Qj). 

In this section, we use the comparison theorem for BSPDVI to derive properties of strong 
solutions and define the stochastic free boundary of BSPDVI (11.21) with extra conditions. 
For this purpose, consider the following further assumptions. 

Assumption V5(i). The coefficient functions a,b,c,a, and fi are independent of the 
variable Xi for % G { 1, 2, • • •, d* }. Moreover, the dimension of the state space d* < 4. 
Assumption V6(i). The functions /, AV, and <p are increasing (resp. decreasing) in 
Xi, where 

/ = f + CV+M k Z k -g, AV^V-V, V=V~Vt, i G { 1, 2, ■ ■ •, d* }. 

Assumption V7(i). The functions /, — AV, and Tp are increasing (resp. decreasing) in 
Xi, where 

J Af + CV +M k Z k -g, 7p±ip-V T , ie{l,2,---,d*}. 
We have 

Theorem 6.1. Let Assumptions VI, V2, V3 ', V4, V5(i), and V6(i) be satisfied. Let 
(V, Z, k + , k~) be the unique strong solution of BSPDVI fZJ| ). 

(i) Then V — V_ is continuous and increasing (resp. decreasing) with respect to Xi for 
any ay G a.e. in x [0,T\. 

(ii) Define the lower free boundary as 

S_i(w, t, Xj/) = sup {xi : {V — V_)(w, t, x) = 0} 

(resp. S_i(w, t, Xf) = inf {xi : (V — V_)(w, t, x) = 0}) 

with Xf = (xi, • • •, Xi-i, Xi + i, ■ ■ ■, Xd*) G and the convention that sup = — oo and 

inf = oo. Then, we have 

V > V_ a.e. in {xi > S_ i(w, t, x^)} and V = V_ a.e. in {xi < S i{w, t, xp)}. 

(resp. V > V_ a.e. in {xj < S i(w, t, Xf)} and V — V_ a.e. in {xi > S_ i(w, t, £/)}.) 

(Hi) If Assumptions V5(j) and V6(j) with j ^ i are further satisfied, the free boundary 
S_i is monotone in Xj for any x^j G M d * _2 ; a.e. in Q x [0,T]. 

Remark 6.1. The lower free boundary is the interface between {V = V_ } and {V_ < V < 
V}, and the upper free boundary in Theorem 16.21 is the interface between {V = V } and 
{V < V <V}. 

Proof. Denote 5V = V - V and 5Z = Z - Z_. Then (5V, 5Z, k+, k~) is the strong 
solution of the following BSPDVI: 

' d5V t = -(C5V t + M k 5Z k +f t )dt+ 6Z k dB k , if < 5V t < AV t ; 

d5V t < -(C5V t + M k 5Z k + U)dt + 5Z k dB k , if 5V t = ; 

dSV t > - (C5V t + M k 5Z t k + f t )dt+ 5Z k dB k , if 5 V t = AV t ; 
k 5V T {x) = (x) . 
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For any fixed e > 0, denote 

SV(w, t, x) = 5V(w, t, x + eei), 8Z(w, t, x) = SZ(w, t, x + eei), 

/c ± (w , t, x) = /c ± (w, t,x + eei), f (w, t,x) = / (u>, i, x + eei), 

AV(w, i, x) = AV(w, t, x + eei), V? (w, t,x) = (p (w, t,x + eei), 

where e« = (0, • ■ -,0,1,0 • --,0) is the z-th standard coordinate vector. So, Assumption 
V5(i) implies that (5V, SZ, k + , k~) is the strong solution of the following BSPDVI: 



dSV t = -(C5V t + M k 5Z k t +f t )dt + SZ h t dB k 



1 1 



dSV t < -{CSV t + M k 5Z h t +f t )dt + 5Z k t dB k , 
dSV t > -{CSV t + M k 6Z k t +J t )dt + 6Z k t dB k , 



if < 5V t < AV t ; 
if SV t = ; 
if 6V t = AV t ; 



^ 6V T (x)=l(x). 
Moreover, Assumption V6(i) implies that 

J >f, AV > AV, $><p. (resp. J <f, AV < AV , $ < <p .) 



In view of Theorem I5.21 we deduce that 5V > (resp. < ) 5V a.e. in x [0, T] x 
which means that for any e > 0, (V — V_)(w,t,x + ee^ > ( resp. < ) (V — V ) (w, t, x) a.e. 
in tt x [0,T] x R d *. 

Since V, V_ £ H 2 ' 2 and d* < 4, then the Sobolev imbedding theorem implies that V 
and V_ have continuous versions such that they are continuous with respect to x a.e. in 
Q x [0, T\. Hence, Conclusion (i) has been proved. 

Since V — V_ > 0, Conclusion (ii) is clear. In the following, we prove the last result. 

Without loss of generality, we suppose d = 2, i = 1, j = 2 and / , AV, and <p are 
increasing with respect to x\ and x-i- Moreover, we fix (w,t) G fix (0,T). Then it is 
sufficient to prove that the free boundary S_i(w,t, x 2 ) is decreasing in x 2 . 

According to Conclusion (ii), for any fixed x® € K, 

V(w,t,xi,x° 2 ) — V_ (w, t, xi, x 2 ) > 0, V x\ > S_i(w,t,x 2 ). 

Moreover, since V — V_ is increasing in x 2 , we have 

V(w, t,x\,x 2 ) — V_(w,t, xi, x 2 ) > 0, V xi > S_i(w, t, x 2 ), x 2 > x 2 . 

In view of the definition of S_ ± , we have that for any x 2 > x 2 , 

S_i(w, t, x 2 ) = sup {xi : (V — V_)(w, t, x\, x 2 ) = 0} < S_i(w, t, x 2 )- 

Then the proof is complete. □ 
In a similar way, we have 
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Theorem 6.2. Let Assumptions VI, V2, VS ' , V4, V5(i), and V7(i) be satisfied. Let 
(V, Z, k + , k~) be the unique strong solution of BSPDVI $1.2\) . 

(i) Then V — V is continuous and increasing (resp. decreasing) with respect to Xi a.e. 
mttx [0,T] x R d *-\ 

(ii) Define the upper free boundary as 

S i(w, t, Xf) = inf {xi : (V — V )(w, t, x) = 0}. 
(resp. S i(w,t,x/) = sup {xi : (V — V)(w,t,x) = 0}.) 

Then we have 

V — V a.e. in {xi > S i(w,t,x^)} and V < V a.e. in {xi < S i(w,t,Xf)}. 

(resp. V = V a.e. in {xi < S i(w,t,Xf)} and V < V a.e. in {x, > S i(w, t, xp)}.) 

(Hi) If Assumptions V5(j) and V7(j) with j ^ i are further satisfied, the free boundary 
Si is monotone in Xj for any x$j 6 M d *~ 2 ; a.e. in Q x [0,T]. 



7 The optimal stopping time problem as an extreme 
case of a Dynkin's game. 

In this section, we consider an optimal stopping time problem (denoted by Problem @ 
hereafter), which involves only one choice variable of stopping times. We show that 
Problem & is a special case of Dynkin games under suitable conditions and identify the 
corresponding results about Problem G and BSPDVI with one obstacle. 
The state X is governed by SDE (11.11) . The payoff is defined by 



Pt {x\ r) 



UX?) du + V T (Xf) X {r<T } + V(^) X{r>T h T G U t , T . 



The optimal stopping problem G tx , associated to the initial data (t, x), is to find a stopping 
time t* EU t,T such that 



E 



P t (x;r* 



V t (x) = ess. sup E 

T&U t,T 



Pt(x, 



The random variable V(t, x) is called the value of Problem @ tx . 

Consider the following two assumptions on the cost functions /, V_ , and cp. 
Assumption Ol. (Regularity) / G H ' 2 , <p e L 1,2 and V_ is in the form of 



dV, 



-9tdt + Z k t dB* 



t ■ 



where V_ G H 2 ' 2 , Z_ E H 1,2 , and g G HI 0,2 . 
Assumption 02. (Compatibility) V_t < f- 

The HJB equation for Problem & tx is the following BSPDVI with one obstacle: 
dV t = - (CV t + M k Z k t +f t )dt + Z k t dB k , if V t > V t ; 

dV t < -(CV t + M k Z k + f t ) dt + Z k dB k , if V t = V t ; (7.1) 
V T (x) = ip(x) , 
where the operators £ and M. are defined by ( 11.3H . 
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Definition 7.1. A triplet (V, Z, k + ) G H 2,2 x H 1 ' 2 x H 0,2 is called a strong solution of 
BSPDVI dHJ if it satisfies the following: 

( r T r T 

V t = (p+ / (CV S + M k Z k s +f s + fc+) ds - / Z s fe d£* a.e. in R d for all t a.s. in fl; 
< V > V , fc + > a.e. in x Q; 

[ (V t -V t ) kfdt = a.e. in fix M d \ 

Identical to the proof of Theorem 15. 2\ we have the following comparison theorem. 

Theorem 7.1. Let Assumptions VI and V2 be satisfied. Let (Vi,Zi,k^~) be the strong 
solution of BSPDVI ( 17.1 ft associated with (fi, (fi, V_i) fori = 1,2. If fi > /2, y?i > <£>2> 
andV_i >Y-2, then V\ > V2 a.e. in Q x Q. 

The following lemma gives the relationship between Problems 3$tx and and be- 
tween BSPDVIs dH2D and ffTTTjl . 

Lemma 7.2. Lei Assumptions Dl and D2 (resp. VI and V2), 01 and 02 be satisfied. 
Then there exists a stochastic fields V such that Assumptions VS and V4 are satisfied. 
Moreover, Problems tx and S> tx (resp. BSPDVIs ( 17. ip and (ll.2p j are equivalent. And 
we have the following estimate 

II V 1 1 2, 2 + || Z 1)1,2 + || g 1 1 0, 2 
< C{k,K,T) (E[|^| a , 2 ] + imio,2 + ||Zlk 2 +||^||i,2 + IMIo,2 + l). (7.2) 

Proof. Let Assumptions Dl, D2, 01, and 02 be satisfied. Let (V, Z) be the strong 
solution of the following BSPDE: 

dV t = —(L V t + M k Z k +f t )dt+ Z k dB k - 
V T = cp+, 

where L and M are defined by ( 12. 2p and 

/=max{ /, 0, g-LV - M k Z_ k } G H ' 2 . 

According to Theorem 2.2 in [8], BSPDE (OJ has a strong solution (V, Z) G H 2,2 x 
H 1 ' 2 . Moreover, the comparison theorem for linear BSPDE in [8] implies V > 0. 
Since V_ satisfies 

dV t = - [LV t + M k Z_ k + (g t - LV t - M k Z_ k ) ] dt + Z k dB*, 

< y < (p+, 

then the comparison theorem for linear BSPDE in [8] implies that V >V_. 
Define 

V = V + (l + \xf +1 )-\ 
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Then V e M 2 ' 2 , V > V + , V T > ip > V T , and 



dV t = -g t dt + Z k dB k 

with g = LV t + M k Z k + f t e H°> 2 and Z = Z G HI 1,2 . Hence, V, V, and (p satisfy 
Assumptions V3' and V4. The estimate (17. 2p follows from Lemma 12.21 

In the following, we prove that Problems @ tx and @ tx are equivalent. We firstly claim 



E 



Rt(x\Tx, r 2 ) 



T 



> E 



T 



(7.4) 



In fact, on the event of {t\ < r 2 }, it is clear that 

Pt{x;n) = R t (x;r 1 ,T 2 ). 

On the event of {t\ > t 2 }, applying Theorem 13.11 and repeating the method in the proof 
of Theorem 14.21 we deduce that 



Rt{x;T 1 ,T 2 ) 



f u (X^) du + tpiX?) X{t2 >t } + V n (X%) X{T2<T} 



n 



f H {X?) du + iptXjf) X{T2 > T} + V n (X%) X{ r 2 <T} + / fu(X^) du 

'{Z k u + M k V u )(X^) dB k - P{N l V u ) (X?) dW l u 

J T2 

>P t (x;n)- P(Z k u + M k V u )(X^)dB k u - r (N l V u ) (X?) dW l u . 



Hence, we obtain 
Rt(x;r 1 ,T 2 ) > Pt(x\Tx) 



riVT2 ^ PT1VT2 

(Z k u + M k V u )(X^) dB k - / (N l V u ) (Xf ) dW l u . 



T2 



Taking the condition expectation in the above inequality, we have (I7.4p . 
If Problem @ tx has a saddle point (r*, t 2 ), then we have that 



E 



Pt{x;<. 



T 



E 



> E 



Ph{x; t*, T) 



Rt(x] n, t 2 



T 



T 



> E 



> E 



Rt{x;r*, t 2 ) 



T 



Pt(x; n] 



T 



where T\ is an arbitrary stopping time in U t,T arid we have used (I7.4p in the last inequality. 
Hence, Problem G tx has an optimal stopping time r* &U t ,T- 

Suppose that Problem & ix has an optimal stopping time r* eU t ,r- Then we choose 
r 2 * = T. We see that for any t\ EU t ,r, 



Rt(x;ri, t*) = P t {x\Ti) 
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and 



E 



R t (x;r*,TZ) 



E 



> E 



E 



i?t(x;ri,r 2 *; 



On the other hand, according to (17.4j) . we have that 



E 



r*, r 2 ; 



> E 



Tt 



E 



R t {x]Tl,T^) 



Tt 



Hence, (r*, r 2 ) is a saddle point of Problem 5^.. Until now, we have proved that Problems 
G t x and 3> t x are equivalent. 

Let Assumptions VI, V2, 01, and 02 are satisfied. Denote by (V, Z) the solution of 
the following BSPDE: 



dV t = -(£ V t + M k Z k + f t ) dt + dB k t ; 
V T (x) = <f+, 

where C and M. are defined in (11.31) and / is defined as 

/ = max{ /, 0, g-CV -M k Z k }. 

Moreover, we define 



(7.5) 



V = V 



1 



x 



\d*+l\-l 



Repeating the above argument, we derive that BSPDE (17.51) has a strong solution 
(V, Z) e H 2 ' 2 x H 1 ' 2 . Moreover, we have V > V + , V > V and V, V, and p satisfy 
Assumptions V3' and V4. The estimate (17.21) follows from Lemma 12.21 

So, BSPDVI (11.21) has a unique strong solution (V, Z, k + , k~) by Theorem 15.31 

On the other hand, since V_ < V < V and ( V, Z ) is the strong solution of BSPDE 
fl73|) . then (V, Z, 0, 0) is the strong solution of the following BSPDVI: 



dV t = -{CV t + M k Z k + ft) dt + Z k dB k , 
dV t < -(CV t + M k Z k + f t )dt + Z k dB k , 
dV t > -(CV t + M k Z k + f t )dt+ Z k dB k , 
V T (x) = <p+(x). 



if Vt<V t <V t ; 
if V t = V t ; 
if V t = Vt\ 



In view of Theorem I5.2[ V > V and V > V . So, we deduce that k =0 a.e. in Q x Q 
and (V, Z, k + ) is the strong solution of BSPDVI flTJj) . 

On the other hand, in view of Theorem 17. 1[ the strong solution of BSPDVI (17. ip is 
unique. So, the unique strong solutions of BSPDVI (17. ip and (11.21) coincide. □ 

Recalling Lemma [7.21 and Remark |4. II in Section 4, and Theorem 15.31 in Sections 5, we 
have 
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Theorem 7.3. Let Assumptions VI, V2, 01, and 02 be satisfied. Then BSPDVI (71\ ) 

has a unique strong solution (V, Z, k + ) such that 

||^||2,2 + | H^l ||l,2 + ||^||l,2 + ||^ + ||o,2 
< C(K,K,T) (E[k|l,2] + ||/||o,2+||V:|k2+||^||l,2 + ||£||o, 2 ). 

Moreover, the strong solution of BSPDVI ( 17. ip coincides with the value of Problem & if 
(|^.5| ) holds. 



Identically as in the proof of Theorem 16.11 we have 

Theorem 7.4. Let Assumptions VI, V2, V5(i), 01, and 02 be satisfied, and the functions 
f and (f be increasing (resp. decreasing) in Xi, with f and tp be defined in Assumption 
V6(i). Then assertions (i) and (ii) in Theorem 1 6. 1\ hold. 

Moreover, if Assumption V5(j) with i ^ j is satisfied, and f and are monotone in 
Xj, then the free boundary Si is monotone in Xj for any Xfj G IR d * -2 , a.e. in Q x [0,T]. 
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